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Abstract

Let A and B be two infinite sets of non-negative integers. Similar to Kneser’s
Theorem (Theorem 1.1 bellow) we characterize the structure of A + B when
the upper Banach density of A + B is less than the sum of the upper Banach
density of A and the upper Banach density of B.

1 Introduction

By an interval in this paper, we always mean an interval of integers. For each set
A of non-negative integers the Shnirel’'man density o(A) and the lower asymptotic
density d(A) of A are defined by

o(A) = inf Aln) and d(A) = liminf An)

n2l n n—oo n

where A(n) = |AN[1,n]| is the number of elements in A between 1 and n. Let A+ B
denote the set {a £b:a € A and b € B}. In order to check whether the celebrated
Mann’s Theorem (cf. [12]) remains true if Shnirel’'man density is replaced by lower
asymptotic density, Kneser proved the following Theorem 1.1, which indicates that
if Mann’s inequality is not true for d, then A + B must essentially be the union of
arithmetic progressions of the same difference. For two infinite sets A, B C N, A ~ B

means that the symmetric difference of A and B is a finite set. For a positive integer
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g and a finite set G C [0,g — 1] let gN={gn:n € N} and G+ gN={a+gn:a €
G and n € N}

Theorem 1.1 (M. Kneser, 1953) If d(A + B) < d(A) + d(B), then there exist
g>0and G C[0,g9 — 1] such that

1. d(A+ B) EQ(A)—I—Q(B)—é and
2. A+ BC (G+¢gN) and (A+ B) ~ (G + gN).

The proof of above theorem can be found in [6, page 51-75]?.
Naturally people may wonder whether one can have a similar theorem for upper

asymptotic density. The upper asymptotic density d(A) of A is defined by
A(n)

d(A) = lim sup

Although the definition of upper asymptotic density looks similar to the definition of
lower asymptotic density, their behaviors are very different. In fact d(A 4 B) can be
much smaller than d(A) + d(B) without requiring A + B being a large subset of the
union of arithmetic progressions of the same difference (cf. [10]).

The next natural candidate to consider is upper Banach density. The upper

Banach density BD(A) of a set A is defined by

: A(n,n+ k)
BD(A) = Jim sup —2=——

where A(a,b) = |AN|a,b]|. Upper Banach density is popular among mathematicians
who work on combinatorial number theory problems using ergodic methods (cf. [1, 5]).

Clearly, we have
0 < o(A) < d(A) < d(A) < BD(A) < 1.

It is easy to see that o = BD(A) iff «v is the greatest real number satisfying that there
is a sequence of intervals {[a,, b,] : n € N} such that

Alan, by
JI_{EO(bn — a,) = oo and nh—{go # =

a. (1)

'In some literature gA represents the g-fold sum of A. Since only the sum of two sets is considered
in this paper, we would like to write A + A instead of 24 so that the term gN can be reserved for
the set of all multiples of g without ambiguity.

2Kneser’s Theorem actually deals with multiple sum of sets. Here, for simplicity, we state only
the version for the sum of two sets.



Although upper Banach density is farther away from lower asymptotic density
than upper asymptotic density, the behavior of upper Banach density is much more
similar to the behavior of lower asymptotic density than that of upper asymptotic
density. In [8] a general scheme is introduced that one can obtain a theorem about
upper Banach density parallel to each existing theorem about Shnirel’'man density or
lower asymptotic density. For example, [9, Theorem 3.8] is derived for upper Banach
density parallel to Theorem 1.1. However, a simple application of the scheme in [9]
only allow us to characterize the structure of A + B in a very small portion of N,
which is far from satisfactory.

As the first attempt Bihani and the author dealt with the sum of two copies of

the same set in the following theorem proved in [2].

Theorem 1.2 (P. Bihani and R. Jin) Let A C N be such that BD(A) = o and
BD(A+ A) < 2a. Then there are positive g € N and G C [0, g — 1] such that

1

1. BD(A+A4) > 20— 1,

2. A+ AC G+ gN, and

3. if {{an, by) : n € N} is a sequence of intervals satisfying (1), then there exist
[Cn, dn] C [an, by] such that

dn — Cp

lim

n—o0 bn — an

=1 and (A+A)N[2¢,,2d,] = (G+gN)N|[2¢,,2d,] for all n € N.

Remark 1.3 (1) In Theorem 1.2 the structure of A+A is characterized in |, oy[2¢n, 2d,],
which is, in some sense, the maximal possible portion of N for characterizing the
structure of A+ A.

(2) It is usually difficult to generalize this kind of results from the sum of two
copies of the same set A+ A to the sum of two distinct sets A+ B. For example, in
the case of finite sets, Freiman’s 2k—1+b Theorem (cf. [14, Theorem 1.16]) for A+ A
is generalized by Lev and Smeliansky to A+ B (cf. [14, Theorem 4.6]) with a much
harder proof. Furthermore, Freiman’s 3k —3 Theorem (cf. [4]) and the author’s result
about A+ A (cf. [11, Theorem 1.4]) do not even have counterparts for A+ B. In
order to generalize Theorem 1.2 to the sum of two distinct sets A+ B, some obstacles

need to be overcome.



Since Kneser’s Theorem works for A + B, the result above about A + A is not
parallel to Kneser’s Theorem. We have been looking for a theorem about A + B
since Theorem 1.2 was proved. We accomplished this goal recently and obtained the

following result, which is the main theorem of the paper.

Theorem 1.4 Let A, B C N be such that BD(A) = a, BD(B) = 3, and BD(A+B) <
a+ (. Then there are positive g € N and G C [0, g — 1] such that

1. BDIA+B)za+p—12
2. A+ B C G+ gN,

3. af { [aﬁf), b,(f)} 'n € N} for1=1,2 are two sequences of intervals such that

lim (b —a{’) = oo for i=1,2, (2)
A (aS> b;”) B <a£?> b,(f))
lim ——% =a, lim ——+—% = (3, (3)
n—oo b%l) _ a’sll) + 1 n—oo b7(12) _ 0/512) + 1
and
1 _ pd _ 1)
0 < liminf ————— < lim sup — T < 00, (4)
n—00 bg) o aﬁf) oo bg) . ag)

then there exist [cg), dﬁf’] C [a,(f), bﬁ)} for eachn € N and v = 1,2 such that

40 _ 0
n—oo bnf _ anl

and

(A+B)N [t +e2,dP +dP] = (G+gN)n [ +c

Obviously, Theorem 1.4 is motivated by Theorem 1.1. In order to prove Theorem
1.4 we have to deal with some obstacles which do not occur when A = B. We would
like to discuss two of the obstacles. The first one is that we need to explain why (4),
which is trivial when A = B, should be imposed. The following example shows that

(4) is necessary.



Example 1.5 Let

A= U ([2(2n)2’ 1.5 x 2(2n)2 . 2(2n—1)2+1] U |:15 % 2(2n)2 i 2(2n—1)2+1’ - 2(2n)2:|>
n=1

B — U <|:2(2n+1)2’ 15 X 2(2n+1)2 - 2(2ﬂ)2+1:| U |:15 X 2(2n+1)2 + 2(2n)2+1’ 2 % 2(2n+1)2]> .

n=1
We have BD(A) = a = BD(B) = = 1. Hence BD(A+ B) < BD(A)+ BD(B). Let
al) =20 ) = 9 x 20m? o) — 2@nt)? ng pP = 2 x 2Cm+D’ . Then (2) and
(3) are true. However, (5) and (6) cannot be true for this pair of A and B because
(A+B)N [ag) +a? b+ b,(f)} has large gaps in the middle of the interval.

Note that (4) depends on the indexing of the intervals in the sequence. However,
no matter how these intervals in Example 1.5 are indexed, (4) can never be true. The
problem indicated by Example 1.5 is caused by the difference of magnitude between
the length of [ag), b,(ll)] and the length of [a,(f), bﬁf)]. This is why we have to impose
(4) in order to have the desired structure (6).

Note that the upper Banach density of A+ B really measures the “size” of A+ B
on a sequence of intervals without having any restrictions on how far these intervals
can be from each other. It might give us a wrong impression that the structure of
(A+ B)N [a%l) +a'?, b + 5P| should be determined only by A N [ag), bg)} and

BN [a;”, be’] .

Example 1.6 Let Ay = 9-[0,3"], Ay = 9-[3 x3",4x3"], By = 3-[0,3 x3"], and
By ={0,1,2} +9-[3 x 3",4 x 3"]. We have roughly that the “density” of A; and A,
are %, the “density” of By and By are %, and the “density” of (A1 U As) + (B U By)
S %, which is less than %—i— % However, the structure of Ay + By is different from the
structure of As+Bs. Hence we don’t have a uniform structure for (A;UAs)+(B1UBs).

Example 1.6 shows that if the structure of (A+ B)N [a%l) +a'? b + 0P| were

determined by AN [ag), bﬁﬂ)} and BN [ag) , bg)} , then part 2 of Theorem 1.4 together
with (5) and (6) in part 3 of Theorem 1.4 would not be simultaneously true. This
means that we could only characterize the structure of A + B piecewisely in each

a4 ag), bl + bg)] instead of the uniform structure described in Theorem 1.4.

Fortunately, the structure of (A + B) N [ag) + ag), b + bg)] is also influenced by
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the elements of A and B outside of [ag), by } and [af), bf)}, respectively. In fact,
the main difficulty in the proof of Theorem 1.4 is to eliminate the possible cases
resembling Example 1.6 (cf. Claim 3.2 in the proof of Theorem 1.4).

As observed in the analogous situation in [2, Theorem 1.1}, Theorem 1.4 is, in some
sense, optimal. Since the upper Banach densities of A and B are determined by the
sizes of A and B along two correspondent sequences of intervals { [ag ), bﬁf )] 'n € N}
for i = 1,2 (cf. (3)), we can only hope to characterize the structure of A 4+ B in
Unen [a,(ql) + ag), b + bf)} . Note that there seems to be some flexibility in labeling

intervals in {[as),bg)} in e N} and in {[ag),b,(f)] 'n € N}. For example, if we

rename [ag), bg)] by [af}lm, 1_7&)100] and define [a&”, BS)} =[0,0] forn =0,1,...,99,

do we still have the conclusion of Theorem 1.4 when { [ag), b%l)] :neN } is replaced

by {[d%l),f)%l)] in € N}? The answer is “yes” as long as (4) is satisfied. Can we

replace {[cgf),d,(f)} 'n € N} by {[ag),bg)] NS N} for i = 1,2 in (6)? The answer
is “no” because if we delete small portion of elements from left or right side of AN
[ag), bg)] or BN [a,(f), be)] , then the upper Banach densities of A, B, and A+ B will

not be changed. But the structure of (4 + B) N [a,(ll) +a'? b + bg)] will change.

One of the main features of this paper is that the methods from nonstandard
analysis are used in the proof in an essential way while the main result is a standard
theorem. It is interesting to see whether a shorter and essentially different standard
proof of Theorem 1.4 can be found. Nonstandard methods have been proved very
useful and efficient in, for example, [2, 8, 10, 11| when dealing with asymptotic ar-
guments. The reader is recommended to consult one of [2, 7, 8, 13| for the basic
notation, ideas, and principles in nonstandard analysis. Other introductory texts for
nonstandard analysis, which cover Loeb measure, should also be sufficient. If we work
within a nonstandard universe, we always assume that the nonstandard universe is
countably saturated.

From now on N denotes the set of all non-negative integers and Z denotes the
set of all integers. Capital letters A, B, C, and D usually represent sets of integers
and lower case letters a, b, c,d, e, g, h, etc. usually represent integers or real numbers.
Greek letters «, (3, and ~ are reserved for standard real numbers. For any r < s we
write [r, s] exclusively for the interval of all integers between r and s including r and
s if they are also integers. Let A 4 a be the abbreviation for A + {a} and a + A for



{a} £ A. Let Ala,b] denote the set A N [a,b] and A(a,b) denote the cardinality of
Ala,b]. Since the two terms Ala, b] and A(a,b) look very similar, the reader should

be aware of the distinction when read the rest of the paper.

2 Lemmas

This section contains some existing lemmas and some new lemmas, which will be
cited in the proof of Theorem 1.4. Lemmas up to 2.6 do not involve nonstandard
analysis. The last four lemmas do involve it. Note that since we do not assign any
properties distinguishing o and (3, the properties of A and B are symmetric and this
will simplify proofs.

For a positive integer g let Z/gZ be the additive group of integers modulo g with
addition @,. Let a,b,c € [0,g —1]. By a®,b = ¢ we mean a + b = c¢(modg). Let
7y ¢ L — Z/gZ be the natural homomorphism from Z onto Z/gZ. 1f d > 0 and d|g,
we denote 7,4 : Z/gZ — Z/dZ the natural homomorphism from Z/gZ onto Z/dZ.
Note that the kernel of 7, 4 is (d),, which is the cyclic subgroup of Z/gZ generated by
the factor d of g. In fact, every subgroup of Z/gZ has the form (d), for some factor
dof g.

The first lemma is due to Kneser and the proof can be found in [14, page 115].

Lemma 2.1 (M. Kneser, 1953) Let (G, +) be an Abelian group and A, B be finite
subsets of G. Let S ={g € G: g+ A+ B = A+ B} be the stabilizer of A+ B. If
|A+ B| < |A| + |B|, then |A+ B| = |[A+ S|+ |B+ S| —|S|. In particular, S is
non-trivial if |A + B| < |A| + |B| — 1.

Note that the stabilizer S is always a subgroup of G and if |A+ B| < |A|+|B|—1,
then the stabilizer S of A+ B is non-trivial, i.e., |S| > 1.
Let x be an integer, g > 0, and G C [0,g — 1]. We now state another version of

Theorem 1.1, which is more convenient for us to use in the proof of Theorem 1.4.

Lemma 2.2 Suppose d(A) = «, d(B) = 3, and d(A+ B) < a+ (3. Then there are
g>0, F,[" C[0,g — 1] such that

1. ACF+¢gN, BCF' +gN, and

[FIHF] 1
2. ; ; < a+p.



We first prove that Theorem 1.1 implies Lemma 2.2.

Proof of Lemma 2.2 by Theorem 1.1: Let g > 0 be the least such integer and
G C [0,g — 1] be the set in Theorem 1.1. Let F, F’ C [0,g — 1] be the minimal sets
such that A C F' + gN and B C F’ 4+ gN, respectively. By the minimality of F' and
F'" we have that F' @, F' = G.

If |F|+|F'| > |G|+ 2, then |F &, F'| < |F| + |F'| —1. By Lemma 2.1 the
stabilizer S of F' @, F” is non-trivial. Let S = (d), for some proper factor d of g and
|S| = g/d = s > 1. Let G = m,4(G). Then we have that A+ B ~ G + dN and
d(A+B)za+ (- le > o+ ff — %, which contradicts the minimality of g.

If |F| + |F'| < |Gl, then d(A+ B) = & > L1 4 81 > 4(4) + d(B), which
contradicts the assumption of the lemma.

Hence we can assume that |F| + |F'| = |G| + 1. This implies that W - é =
d(A+B)<a+p. O

To prove that Lemma 2.2 implies Theorem 1.1 we need the following lemma, which

is the pigeonhole principle.

Lemma 2.3 Let A, B C gN be such that d(A) + d(B) >
A+ B~ gN.

. Then A+ B C gN and

1
9

Proof: Let mg € N be such that for any gn > my,

A(0,gn) + BO,gn) _ 1
gn+g g

Given any gn > my, both A[0, gn] and ng — B|0, gn] are subsets of [0, gn] N gN. Since
[[0,gn] NgN| =n+ 1 and A(0,gn) + B(0,gn) > n+ 1, then

A[0, gn] N (gn — B[0, gn]) # 0,

which implies gn € A[0,gn| + B[0,gn] C A+ B. Hence A+ B D (gN \ [0,mg]). O
We now prove that Lemma 2.2 implies Theorem 1.1.

Proof of Theorem 1.1 by Lemma 2.2 Suppose Lemma 2.2 is true. Let d(A) = a,
d(B) = 3, and d(A+ B) < a+ . Let g > 0 be the least in Lemma 2.2 and

F,F" C [0,g— 1] be as described in Lemma 2.2. For each f € F and f' € F’ we have

F| -1 F'l -1 1
I S
g g

d(AN(f+gN) +d(BN(f +gN)) > a



by 2. of Lemma 2.2. By Lemma 2.3 we have A+ B C ((F @, F') +¢gN) and A+ B ~
(F&y F')+¢gN). Let G = F &, F'. If |G| > |F| + |F’|, then

F|+|F
gl(AJrB):%}"J;#)aJrﬁ.

Thus we can assume |G| < |F|+ |F'| — 1. If |G| < |F| + |F'| — 1, then by Lemma
2.1 we have |G| = |F + S| + |F' + S| — |S| where S is the non-trivial stablizer of G.
Let S = (d),. Let G = 7,4(G), F = myq4(F), and F' = 7, 4(F'). Then A C F + dN,
B C F' +dN, and

a I nl

Gl IFI+1F] 1

a+ﬂ>gl(A+B)=7/ y 7

This contradicts the minimality of g. Hence we can conclude that |G| = |F|+|F'| —1.
This finishes the proof of Theorem 1.1 because

F F' =1 1
aa+p <AL, (5 L

O

Remark 2.4 1. From the proof of the equivalence between Theorem 1.1 and Lemma
2.2 one can see that the least g > 0 satisfying Lemma 2.2 and the least g satis-

fying Theorem 1.1 are the same.

2. If g is the least positive integer satisfying Lemma 2.2, then |F @, F'| = |F| +
|F'| — 1.

3. When g is the least positive integer in Lemma 2.2 and f € [0,g — 1] \ F, there
always exists f' € F' such that f @, f' ¢ F ©4 F' because otherwise we have
({fIUF) @ F'| < |({fYUF)|+|F'|—1, which implies that the stablizer S = (d),
of {fYUF)®, F' is non-trivial by Lemma 2.1. Hence A+ B C G + dN and
A+ B ~ G+ dN where G = m, 4(F @, F'), which contradicts the minimality of

g.

4. As an easy consequence of 2. of Lemma 2.2 we have that o < %' <a+ %. This
implies that for each f € F we have AN (f + gN) # (.

5. In Lemma 2.2 if d is a proper factor of g and F = m, 4(F), then A C F + gN C
F +dN.



Lemma 2.5 Let A, B C N be such that d(A) = «, d(B) = 3, and d(A+ B) < a+ (.
Let g > 0 be the least and F,F'" C [0,g — 1] be the sets in Lemma 2.2. Suppose C
is another set such that C C F" + gN for some F" C [0,g — 1], |F| = |F"|, and
d(C)=a. Let f € F" and Cy =CN(f +gN). Then d(A+ B)+d(Cy) > a + 5.

Proof Note that the conditions of the lemma imply |F @, F'| = |F|+|F'| —1. Note
also that d(Cy) > o — ‘F‘T_l. Hence

F|+|F| -1 F| -1 F
Ll el i e SR U el N L

d(A+ B)+d(C a+—2=a+p.
d( ) +d(Cy) P J J s

O

Lemma 2.6 Let C' C N. Suppose g1,92 > 0, G1 C [0,91 — 1], and G C [0, go — 1]
such that C C (G1 + ¢1N), C ~ (G1 + ¢1N), C C Gy + N, and C ~ G5 + ¢N.
If d = ged(g1,92) and G = 7y, 4(G1) = 74(C) = 7,4, (Gs), then C C G + dN and
C ~ G+ dN.

Proof The lemma is trivial if d = ¢; or d = go. Assume d < min{gy,¢2}. Let
s,t € Z such that sg; + tgo = d. Without loss of generality let sg; > 0. Clearly,
C C (G+dN). Let (G; + N)~ C C [0,m; — 1] for i = 1,2. For each € C' and
x > max{mq, mo} and for each k > 0 we want to show z + kd € C. Since x > my,
then = + ksg; € C. Since x + ksgy + ktgs = x + kd > my, then we have h + kd € C.
This clearly shows that C C G+ dN and C ~ G +dN. O

The remaining lemmas in this section involve nonstandard analysis. For conve-
nience we introduce some notation. Let r,s € R. By r = s we mean that r is
infinitesimally close to s, i.e., |r — s| is less than any positive standard real numbers.
By r < s we mean that r < s but r % s. Byréswemeanthatr<sorr%s.

We define r > s and r £ s in a symmetric way. Let H be a hyperfinite integer, i.e.,

H e N~ N. Let
H
U = 0,—|. 7
=N [7] 7

neN
Then Uy is an initial segment of [0, H] and closed under addition. Uy is often called

an additive cut. Note that if + € Uy, then % ~ 0, and if x € N \ Uy, then

H
+ > 0. Since the sequence {— ‘n e N} is lower unbounded in "N \ Uy, then by
n
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the countable saturation the cofinality of Uy must be uncountable, i.e., any increasing
sequence {z, : n € N} in Uy must be upper bounded in Uy.

Let x € "N. Note that x + N is a copy of Nin ™N. Let C C x+ N, g € N, and
G C[0,9—1]. We write C ~ (G+ g N)N(z+N) if (G4 ¢g™N)N (z+N))AC is finite
where A means the symmetric difference.

The first lemma below is a nonstandard equivalence of upper Banach density.

Lemma 2.7 Given «, for any set A C N, BD(A) > « iff there is an interval I =
[n,n+ K| C "N for some hyperfinite integer K such that

A(n,n + K) >
K+1 ~
Proof Suppose BD(A) > «. Then for each m € N, there is an interval [n,n + k]
with £ > m such that % > o — #ﬂ By the transfer principle, we can fix any
hyperfinite m and find an interval [n,n + K| with K > m such that
A(n,n+ K) 1
—_— > — =
K+1 m+1
Suppose % Z, « for some hyperfinite integer K. Then for each m € N the
statement “there is an interval [a,a + k] with £ > m such that W >a — 7
is true because the interval [n,n + K] is a witness. By the transfer principle we can
find an interval [a,,, by,] € N with b,, — a,, > m such that % > — m+r1 This

implies BD(A) > . O

Let €2 be a hyperfinite set, i.e., {2 is an internal set and the internal cardinality of
Q) is a hyperfinite integer. Let ¥y be the family of all internal subsets of €. For each
A € ¥ we can define the normalized counting measure pu of A by u(A) = st(|A|/H)
where st is the standard part map. Then the finitely—additive measure space (€2, X, )
can generate a countably—additive, complete, atom-less probability space (£2,%, u)
called Loeb space (generated by the normalized counting measure) on Q.

By Lemma 2.7, the transfer principle, and Birkhoff Ergodic Theorem, one can
derive the following two lemmas, which establish the direct connections between lower
asymptotic density and upper Banach density. These two lemmas are actually |2,

Lemma 3.5] so that the reader can find the proofs in [2].

Lemma 2.8 Let A C N. If there ezists v € N such that d((*A — x) NN) > «, then
BD(A) > a.

11



Lemma 2.9 Suppose A C N, BD(A) = «, and {[a,,b,] : n € N} is a sequence of
intervals of standard non-negative integers satisfying (1). Let N be any hyperfinite
integer and p be the Loeb measure on the hyperfinite set [an,by]. Then d((*A — x) N
N) = « for p—almost all x € [ay,by].

The following lemma is similar to Lemma 2.5 in a nonstandard setting.

Lemma 2.10 Let H be hyperfinite and A, B C [0, H] be internal. Suppose for any
hyperfinite interval [a,b] C [0, H] with % > 0 we have
A(a,b) B(a,b)

_— ~ d ————— =~ [3.

b—a+1 @ an b—a+1 b
Suppose also g >0, F, F' C[0,g—1], ACF+¢gN, BCF'+¢gN, |[Fg,F'|=|F|+
|F'|—1, and %—% <a+p. IfC C |0, H] is another set such that C C F"+¢g"N
for some F" C 0,9 — 1] with |F| = |F"|, % ~ a, and Cpn = C N (f" 4+ g N), for
some " € F", then

(A+B)(0,H)  Cp(0,H)

H1 i1 ~ots

We would like to remark here that Lemma 2.10 is also true by a symmetric ar-
gument if we assume that C C F” 4 ¢*N for some F" C [0,¢ — 1] with |F'| = |F"],

% ~ (3, and Cp» = C N (f" + g™N), for some f” € .

Proof Let feF, ffe F'A;=AN(f+¢gN), Bp=BN(f' +¢N),and U = Uy
defined in (7). For each z € ((f &, f') + ¢°N)[0, H] \ U we have
/
s gy, s,
Hence A[0, z]N(x — By)[0, x] # 0. This implies = € Ay + By. Therefore there exists
xo € U such that

(A+ B)Nxo, H| = (F @y F') + g N) N [z0, H].

Hence

(A+B)O.H) _|F&,F| _|FIl+|F| 1
H+1 g g g
Now we have
A+ B H (0, H F F 1 ' -1 F
(A4 BO.H) | CoOH) L [FI4IF] 1 =1 |F
H+1 H+1 g g g g
O

+a>a+p.
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3 Proof of Theorem 1.4

Let A, B C N be such that BD(A) = a, BD(B) = 3, and BD(A+ B) < a+ (3. Let
{ [agf ), by )] ‘n € N} for i = 1, 2 be two sequences of intervals of non-negative integers
such that (2), (3), and (4) are true. For each hyperfinite integer N, let

Sy = {x € [ag\}),bg\l,)] cd((FA—2)NN) = a} and

Ty = {y e [ 7] : d((B—y) M) = 5}
Note that Sy has Loeb measure 1 in [ag\l,),bg\l,)} and Tn has Loeb measure 1 in

[a%),b%)] by Lemma 2.9. Let N, N’ be two hyperfinite integers. For each x € Sy
and y € T we have that

d((A-z)+("B-y))NN)<a+p

by Lemma 2.8. By Lemma 2.2 there exist the least g, , > 0 and F, ,, F, , C [0, g,y —1]

such that "AN(1+N) € Fyy+gay N, BA(y+N) C Fl g0, N, Pl = < g4 5
and |F,, @©y, , Fy | = |Foy| +|F} | — 1. Note that we also have

(AN(z+N) + (BN (y+N)) € ((Fay Sy, Fry) + 90y N) N (2 +y +N),

x?y

(FAN(z+N)+ (BN (y+N)) ~ ((Foy @y, Fr)) + 9oy N) N (z +y + N),

I?y

and Fre@orsfeal 5 o 4 B — - by Theorem 1.1. Let G,y = F,, ®,, , F!

9z,y 9z,y N T
We divide the main part of the proof in two claims. In the first claim we charac-

terize the structure of *A [ag\l,), bg\l,)}, B [a%), bg\?)], and *A [a%), b%)] + B [aﬁ), bﬁ)}
for each hyperfinite integer N. In the second claim we characterize the structure of
(*A + *B) ~ N. The second claim eliminates the possibility of the sets of A and B
similar to the sets in Example 1.6. Then we use the transfer principle to pull down the
structural property of *A 4+ *B in the nonstandard model to the structural property
of A+ B in the standard world to finish the proof.

Note that there exist two fixed standard positive real numbers v and ' such that

bg\l,) — ag\})

e Ty ©
B ol

for every hyperfinite integer N by (4) and the transfer principle.

13



Claim 3.1 Given a hyperﬁmte integer N, there exist gy € N, Fy, Fy,Gn C [0, gn —
1], and [CN,d%)] C [ag\,, } for i =1,2 such that

A [agxlr)7 bg\ﬂ C (Fn+gn'N),

B[l 9] € (Fi +ov ),
FNEBQFJIV:GN and ‘GN‘ = ’FN’+’F]/V’ —1
|FN|+‘F, |—1

AR QN gnN <ath,
FORN0)
H ~1 fori=1,2,
by —ay
(*A [ag\}),bg\l,] [ ()]) CGy+gn'N, and

(o o 0]+ 5 [ 02]) 0 [0 + 2, 0+ a2
= (Gn+govN)N [CN) +c0,dy + df )]
Proof of Claim 3.1 Let H = b(l) a]\l,) and let U = Uy as defined in (7). Note

that if we use H = bf,) — ag\?) or H = bg& — N )+ bN — af,) to define U we will get
exactly the same U due to (8). Note also that by the transfer principle we have

‘A (au) b(”) B (a%, bg))
—_— ~ o and ——re— %

bW —al) 41 b —a? +1

~

Subclaim 3.1.1 There are zy € ag\l,) + U and yy € aﬁ) + U such that for all
x € [xo, bg\ﬂ with © — 2y being hyperfinite and for all y € [yo, bg\%)] with y — yg being
hyperfinite we have

~

*A *‘B
(l’o,l’) ~ a and (y()?y)
r—x0+1 y—1yo+1

Proof of Subclaim 3.1.1 We find zy, the argument for y, is analogous. Let
cr = ag\l,) [(b(l) aN )/(k + 1)] for every k € N. Note that ﬂkeN[aN), k] = a(l) +U.
For every k € N define the internal sets

. (1) ) (1) *A(m—l—l,x) _ 1
Xk—{mE[aN,ck].VxE[m—i-l,bN](—m_m >« 1)

14



Clearly, X D Xy, for every k € N. Suppose X, = () for some k¥ € N. Let

ed (g
1) 0 A(a + 12)

x € [ay’,by’] the largest number such that : <a-—
z—al k

Aol 0))
or bg\l,) otherwise. Clearly, z ¢ b%) — U because otherwise we have NOREOR

*A (1) *A 1 b(l)
% << O{, we have W
xr—ay +1 by —z

This implies BD(A) > « by Lemma 2.7, which contradicts the assumption that
BD(A) = «. Hence X, # 0 for every k € N. By countable saturation we can find

m € ﬂkeNXk' Let o = m + 1. Since xg < ¢, for every k € N, then zy € ag\l,) + U.
*A(z, x)

if it exists,

< a.

Since X, = (), we have x > ¢;. Since

Now for each = € [z, bg\l,)] we have peSe—— Z a. When = — x; is hyperfinite,
r — g
*A *A
Ao, ) > a would imply BD(A) > a. Hence we have CAlwo,z). ~ « whenever
rT—x9+1 r—x9+1

x — xg is hyperfinite. O

We continue to prove Claim 3.1. By the definition of x5 and 3y and Lemma 2.8 we
have that d((*A—xz0) NN) = o and d((*B —yo) "N) = . Hence zy € Sy and yy € Tn.
Let gy = Guowor N = Figyo, and Fy = F! Note that |Gn| = |En| + |Fy| — 1

0,40 "
where Gn = Fn @4, Fy. We need to show that gy, Fn, Fy, Gy are what we are

looking for. Since
(AN (zo+N)) + (BN (yo +N))) € (Gy +gnv N) N (z0 + 5o + N) and
(AN (20 +N)) + (BN (yo + N))) ~ (Gn + g5 N) N (20 + yo + N),
we conclude, by the overspill principle, that there is a hyperfinite integer K such that
*Alzo, o + K] € Fy + gn'N, "Blyo, yo + K] € Fy + gn N,

and (*A+ *"B)[z0,20 + K| = (G + ¢ N) N [20, 20 + K]
for some 2y € xg + yo + N.
Subclaim 3.1.2 *A [xo, b§§>] C Fy + gx "N and *B [yo, b§3>] C F + gy N

Proof of Subclaim 3.1.2 Assume the contrary. Without loss of generality, let
x be the least element in *4 [:1:0, bg\l,)] N (Fy + gn ™N) such that *Blyo, yo + (z — zo) —
1] € Fy + gv°N. By Remark 2.4.3 there is f' € F} such that (7, (x) @, f') &
(Fy ®gy FY); let "By = *BN (f' 4 gy 'N). Note that z — 29 > K. Let d = [£52].

15



A(zo,z0+2d)
By Subclaim 3.1.1 we have %

b < xo+2d with b - >0, (“ Y ~ «. This is true because of the following argument:
if Aab) > a, then BD(A) > «a by Lemma 2.7, which contradicts BD(A) = «; if

A(a b) < «, then W ~ a implies that either 43¢ > 0 and A(IO a) > « or

‘E°+2d > 0 and xbfToﬁ > «a. Note that either case above contradlcts BD(A) =«

again by Lemma 2.7.

~ «, which implies that for any xo < a <

By the same reason we have that for any yo < a < b < yo + 2d with 1’2_7[“ > 0,

—*i(_“f) ~ 3. Then by Lemma 2.10 we have

d+1
< (Alzo +d,xo +2d — 1] + "Blyo + d, yo + 2d — 1]) (w0 + yo + 2d, 9 + yo + 3d)
~ d+1
+($+ "By [yo, yo + d)) (zo + yo + 2d, 2o + yo + 3d) a+p

d+1
which contradicts BD(A + B) < a + 8 by Lemma 2.7. O
Subclaim 3.1.3 *4 [aﬁ), b§§>] C Fy+gn N and "B [aﬁ% bﬁ)} C Fly + gnN.

Proof of Subclaim 3.1.3 Assume the contrary. Then there is, without loss of
generality, z € *A [aN ,xo] (Fn+gn°N). Let f' € F}, be such that 7y, (2) ®,, [’ &
Fy®,y Fy and "By = *BNO(f'+gn *N). Choose z; € [:UO, bﬁ)] such that z; € xo+U,
xo + 2(z1 — 3p) < bg\}), and yo + 3(z1 — o) < bf,). Let d = 21 — 9. Note that
ro — 2z € U and d ¢ U, which implies that 2= ~ 0. By the same reason as in the
proof of Subclaim 3.1.2 we can apply Lemma 2.10 to obtain that

(*A+ *B)(zo + yo + 2d, xo + yo + 3d)
d+1

- (Alzo + d, zo + 2d] + *Blyo + d, yo + 2d]) (w0 + yo + 2d, x0 + yo + 3d)

~ d+1

|z+ *Bplyo + 2d + xo — 2, y0 + 3d + xp — 2||
d+1

(*Alzo + d, 20 + 2d] 4+ *Blyo + d, yo + 2d]) (0 + yo + 2d, x0 + yo + 3d)

d+1

a+f,

~

By (yo + 2d, yo + 3d)
d+1

which contradicts BD(A + B) < a + [ again by Lemma 2.7. O
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Subclaim 3.1.4 There are [c%),d%)] C [a%),b%)} such that

a0 —
MONENG

N N

~ 1 9)

for i = 1,2 and
(4 [a0.60] + B [ 7] ) 0 [l + e, a0 + )]

= (Gy 4+ gy N)N [cN)+ & dY + df ]

Proof of Subclaim 3.1.4 By (4) we have

Uy _o0 = Uy = Uy o 00,
where Uy is defined by (7). Let U = Uw_,m. By the same argument as in the proof
N N
of Lemma 2.10 we can prove that for every z € (Gn+ gy N)N [ L4 asv), b(l) + bg\%)] ,

if z & ag\l,) —i—ag\? +U and z ¢ bgé) + bﬁi) — U, then z € "A [ag\lf),bN} + "B [aﬁ),b%)].
Let u with . ) ) )
ayy + by Ly by

1 2
0+ > > D .

be the greatest and [ with

HONAQ) N o 4 @

ag\lf)+a§\2,)<l< 5 5

be the least such that
(*A [agp, b§$>] 4B [agga bﬁ)D N[Lu) = (Gx + g "N) N [1, 0.

Then [ E a]\} + aﬁ, + U and u € b O+ b ) _U. It is now casy to select the desired
cg\l,) € aN +U and d € b —U fori =1,2 such that [ = cN —i—c(2) and u = dg\l,)—l—df,)
This ends the proof of Claim 3.1. O

Claim 3.2 There are g > 0 in N and F,F' C [0,g — 1] such that *A C F + g™N,
BCF +g'N, |Fa, F'| =|F|+|F'| -1, and THI= < 0 4 .
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In the applications of Claim 3.2 we always assume that g is the least positive

integer satisfying this claim.

Proof of Claim 3.2 Let BD(A+ B) = < a+ 3. Note that for every hyperfinite
integer N,

. 1,0 . 2) (2

A [ag\,),bg\,)} + "B [ag\,),bg\,)” G|
(1) (2) (1) (2) ~ S
by +by —ay —ay +1 IN

by Lemma 2.7. Therefore, v > a +  — HLN. This implies that the set {gy : N €
N\ N} C N is finite. Hence there are go € N and F, F’ C [0, go — 1] such that the
set

X():{NG *N\Nig]\[:g(),FN:F, andF]'V:F’}

is unbounded in *N. We will prove that gg, F', and F’ are what we want for the claim.
It suffices to prove that *A C F' + go™N and *B C F’ + gy "N.

Suppose the claim is not true and assume, without loss of generality, *A & (F +
g0 N). Fix z € *A~ (F + go*N) and Ny € X. Since (2) and X is unbounded in *N,

there is a hyperfinite integer N € X, such that bg\?) — af,) > 2max {bg\}g, x} Choose
@ 4@

any xg € Sy,. Since Ty has Loeb measure one in [aN by }, we can find y,y € Ty
such that x +y = 29+ y'. Note that d((*A — z9) "N) = a, d((*B —¢') NN) = 3, and
d((*A+ *B) —xg —y') NN) < a+ (. By Lemma 2.2 there is a least positive integer
gn, and sets Fy 1, Fiyq, Gy € [0, gn,1 — 1] such that

AN (29 +N) C (Fyi+gnvaN), BN (Y +N) C (Fy, +gnv1N),

[Enal + [Faal =1
gn1
We have that |Gy 1| = [Fya| + [Fiyi| — 1,

< a+ 5, and GN,l = FN,l ®9N,1 FZ/V,I'

(AN (zo+N)+ (BN (Y +N)) C(Gn1+9gnv1 N)N (29 + v + N), and

(AN (2o +N))+ (BN (Y +N)) ~ (Gni + gvi1 N) N (2o +y' + N).

By the definition of F' and F’ we also have
(AN (zo+N)) + (BN (y +N)) S ((F @y, F') + g0 N) N (20 + ¥ + N)) and
(AN (2o +N)) + (BN (Y + N)) ~ ((F B, F') + g0 N) N (w0 + ¢ + N)).
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Let d = ged(go, gn1). Let G = Tgo.d(F By F') = 7TgN’17d<GN71). By Lemma 2.6
AN (zg+N)+ (BN (y +N)) C (G+d"™N)N (z9g+ ¢ +N) and

AN (zo+N)+ (BN (¥ +N)) ~ (G+dN)N (g + +N).

Let d'|d be the least positive integer with G = Tgo.dt (F @y, F') such that the two
statements immediately above are true with d replaced by d’ and G replaced by G.
Let F = 7, #(F) and F = Tgow (F'). By Lemma 2.1 we have |G| > |F| + \F/| -1

‘F‘Hd& <Gl = ol (. This implies that

by the minimality of d’. Hence <7 =

d = gni1 < go by the minimality of gy ;.

If go = gn,1, then |F| = |Fi | and |F'| = |Fy,|. This implies ¢ (Fin,1 +gn1"N).
Let fi € Fjy; be such that (WgNﬂl(x) Oy, f{) ¢ (FN,l D F]’Vl) and let *By =
*BN(ff +gn1N). Then

d(("A+ "B) —x0 —y') NN)
> d(((A—20) "N) + ((B—¢)NN)) +d(("By; —y) "N) 2 o+ 3

by Lemma 2.5, which contradicts BD(A + B) < a + ( by Lemma 2.8. Hence we
conclude that d = gy < go and @ € (Fn1 + gnaN). Clearly, Fy1 = 740 gy, (F),
F]/V,l = 7T9079N,1(F/)7 and M <« ‘l’ﬁ

gnN,1
Now we have
‘Alal) o] € ((F 490N 0 [al o0)]) € (Fwa + v N 0 [al) 000

‘B [a%abﬁz] - ((F, + 9o *N) N [a5\27b5\273}> C ((F],V,l + 9N *N) N [a%abﬁb )

and P 1
gN,1

pletes the proof of the claim. O

< a+ (3, which contradict the minimality of gy, = go. This com-

Let g, F', and F’ be in Claim 3.2 such that g is the least and let N be a hyperfinite
integer. We want to show that gy = ¢, Iy = F, and F}, = F for all hyperfinite N,
which will complete the proof of the theorem.

Since EHII=L 4 G, then
(AN (zg+N))+ (BN (yo+N)) C ((F@y F')+¢g™N) N (xg+yo+ N) and

(AN (0 +N)) + (BN (yo + N)) ~ (F &g F) + g N) N (20 + yo +N)
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where xg and yy are the elements from Subclaim 3.1.1. By the minimality of gy we
have g > gy and gn|g. Suppose g > gn. Let Fy = 7y, (F) and Fi, = my 4, (F).
Then *A C Fy+gn N, "B C Fy+gn N, and ‘FN‘J;'% < a+pf. Since |Fn @y, Fy| =
|Fx| 4+ |Fi| — 1, we can replace g, F, F' by gn, Fy, F}y in Claim 3.2, which contradict
the minimality of g. Therefore, we have gy = g. This clearly implies Fiy = F' and
Fy =F. Let G = F @, F. We now translate the nonstandard statements to the
standard statements.
Clearly, (A+ B) C (G +gN) and BD(A+ B) > [ = FHEL 5 o g L

g g’
By Claim 3.1 we have that for every hyperfinite mteger N there are [cgv), d J\Z,)] for

i = 1,2 such that (9) is true and
(*A+ *B) N [(mr (2) d<)+d§3>] (G +g¢N)N [ D ﬁ),d(1)+d§3)}.

For each m € N let D,, be the set of all n € *N such that there exist [cg), d,(f)] -
[a?,b%’] with

I N
bﬁf)—aﬁf) “ m+1

for i = 1,2 and

A+ "B)N [V +c2,dD +dP] = (G + g N)N [ + @, dP +d?] .

n rn n 'n

Clearly, D,, is an internal set and contains all hyperfinite integers. Let n,, = min D,,.
Then n,, € N, ng =0, and n,, < n,,11. Foreachm € Nandeachn =n,, ..., nyp1—1

i i (3) _ (4 .
let [ n),d } C [a%),bg)] be such that Z("L—c(;) >1-— m+r1 forv=1,2 and

(A+B)n [ + 2, dV +dP] = (G + gN) N [ + @ dl) + 2] .

n 7’1 r'n
It is now easy to check the sequence { [cﬁf ), dg )] neN } is what we want. This ends
the proof of Theorem 1.4. O

4 A Question

In [3] the structure of A is characterized when d(A) is sufficiently small and d(A+A) <
od(A) for some o > 2. When d(A + A) = 2d(A), the structure of A, as indicated
in [3], can be drastically different from the structure of A when d(A + A) < 2d(A).
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For example, as described in [3], let € > 0 be a small real number, a be an irrational

number, and

1 1
A:{neN:anEx(modl) and x € <§—6,§+6)}.

Then d(A) = 2¢ and d(A + A) = 4e = 2d(A). Clearly, A+ A is not a large subset of

the union of arithmetic progressions of the same difference.

Question 4.1 What should be the structure of A, B, or the structure of A + B if
BD(A)=a >0, BD(B)=(3>0, and BD(A+ B) =a+ ¢

It should be easier to consider the special case of the question above for A = B.
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