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1. Introduction

There are various reasons why some nonstandard universes are considered
to be better than others. Different people may have different opinions and
may choose different nonstandard universes to work within for different
purposes. We think it is reasonable to consider that a nonstandard uni-
verse which possesses stronger power for deriving results in either standard
or nonstandard mathematics, or which supplies more convenient tools so
that, in practice, some complicated derivation procedures admit significant
simplifications, is better than the one which doesn’t.

In the early time of nonstandard analysis what people needed from a
nonstandard universe is basically the existence of an infinitesimal. Since
the introduction of κ-saturation (κ-saturation was first singled out in [23]),
nonstandard analysis has experienced great prosperity. Given an infinite
regular cardinal κ, a nonstandard universe V is said to be κ-saturated if ev-
ery family of less then κ internal sets in V with finite intersection property
has non-empty intersection. ℵ1-saturation is also called countable satura-
tion. Countable saturation is one of the most commonly used properties
in nonstandard analysis. Countable saturation gives us great convenience
in handling countable sequences of internal sets or countable construction-
s with each step internal. For example, countable saturation laid down a
foundation for the invention of Loeb measure construction by P. Loeb in
[22], and guarantees the completeness of the nonstandard hull of a metric
space. Part of the reason why countable saturation offers so much was made



2

clear by C. W. Henson and H. J. Keisler in [10], where they showed that:
second-order nonstandard arithmetic with countable saturation implies ex-
actly the same sentences of standard second-order arithmetic as are implied
by the system of standard third-order arithmetic.1 Bearing those reasons
in mind we consider that a nonstandard universe with countable saturation
is better than the one without it.

Could we find even a better property for nonstandard universes? By
that we mean to find a saturation-like property essentially stronger and
evidently more useful than countable saturation for dealing with countable
sequences of internal objects.

In §2 we introduce a property called the isomorphism property suggested
by C. W. Henson in [7]. Henson’s isomorphism property is elegant, stronger
than countable saturation and very useful. In [8] Henson pointed out that
the nonstandard universe satisfying the isomorphism property could be an
ultrapower2 of the standard superstructure by a result of S. Shelah [30].
In both [7] and [8] Henson studied nonstandard hulls of Banach spaces in
a nonstandard universe satisfying the isomorphism property. The reader
should see there that the isomorphism property makes the subject simple
and clear. With three more sophisticated applications we illustrate more of
the strength of the isomorphism property.

In §3 we push the issue further towards the direction of §2. We introduce
a property called the special model axiom suggested by D. Ross in [26] and
a property called full saturation. The special model axiom is even stronger
than the isomorphism property and full saturation is the strongest among
them. Ross mentioned in [26] that the nonstandard universe satisfying the
special model axiom could be an ultralimit of the standard superstructure.
But it couldn’t be an ultrapower without extra set theoretic assumptions
beyond ZFC. The existence of a fully saturated nonstandard universe is
even questionable. In fact, the existence of a fully saturated nonstandard
universe is undecidable in ZFC. In §3 we present one application of the
special model axiom and one application of full saturation. With those
two applications the reader should have a taste of the power of those two
properties.

Besides the reasons we mentioned above, there might be some other rea-
sons why some nonstandard universes are better than others. For example,
one may consider that a nonstandard universe is better if the hyperre-

1The complete result in [10] is: Let k > 2, n ∈ N and 1 6 m 6 ∞. Then ∗PA(k) +

Πk−1
m − CA+ i+

n -saturation and PA(k+n+1) + Πk+n
m − CA have the same consequences

in the language of PA(k).
2By an ultrapower or an ultralimit in this chapter we always mean a nonstandard

universe of the standard superstructure obtained by a bounded ultrapower or a bounded
ultralimit construction, respectively.
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al field in it bears a stronger resemblance to the standard real field. In
§4 we introduce such a property called the λ-Bolzano-Weierstrass proper-
ty for some uncountable regular cardinal λ. By a result of H. J. Keisler
and J. H. Schmerl in [21] one can construct a countably saturated nonstan-
dard universe satisfying the λ-Bolzano-Weierstrass property for some λ e.g.
λ = (2ℵ0)+. But the λ-Bolzano-Weierstrass property is inconsistent with
the isomorphism property. This shows that the better-ness of nonstandard
universes in §4 takes a different direction from the better-ness in the sense
of §§2,3.

Finally, we would like to mention, but not to include the details, one
more kind of nonstandard universes called Minimal Nonstandard Universe.
A minimal nonstandard universe is an ultrapower of the standard super-
structure modulo a selective ultrafilter on a countable set. Note that such
nonstandard universes are countably saturated. Some interesting applica-
tions of minimal nonstandard universes to measure theory were obtained
by C. W. Henson and B. Wattenberg in [11] and by M. Benedikt in [2] and
[3]. But the existence of a selective ultrafilter is undecidable in ZFC. For
further study on this subject the reader should consult [11],[2] and [3].

In the end of each section we include some exercises. Star symbols ∗ are
added to indicate hard-ness.

Remark The definitions of the isomorphism property and the special
model axiom could be trivially generalized to the κ-isomorphism property
and the κ-special model axiom for any infinite regular cardinal κ. In fact,
it was the κ-forms of those properties which were originally defined. In this
chapter we need only the forms with κ = ℵ1 for all applications. Hence we
drop the cardinal κ in the definitions for simplicity. Similar to the gener-
alization of countable saturation to κ-saturation the reader should be able
to generalize those properties, without any difficulties, to the κ-forms for
future applications.

We assume the reader has a basic training in model theory. A one-
semester graduate level model theory course should be more than enough.
Our notation in model theory are consistent with that in [5]. By a non-
standard universe in this chapter we mean always a triple (V(N),V(∗N), ∗),
where V(N) is the superstructure on N, the set of all standard natural
numbers as urelements, V(∗N) is the superstructure on ∗N, and ∗ is a non-
standard extension from V(N) to V(∗N) defined in the first chapter by C.
W. Henson in this volume. We call V(N) the standard superstructure. Our
restriction on the set of urelements for the standard superstructure to be N
instead of an arbitrary set S is just for simplicity. Note that the standard
superstructure V(N) contains a copy of the standard real field. In order to
avoid writing the whole expression (V(N),V(∗N), ∗) we always denote V for
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a nonstandard universe. We write α, β, γ, . . . for ordinal numbers and de-
note ω for the first infinite ordinal. For any set S we denote card(S) for the
(external) cardinality of S. For a model A with base set A we often write
card(A) for the cardinality of A. We reserve the notion |A| for the internal
cardinality of A when A is an internal set. For each nonstandard universe V
we denote ΞV for the cardinality of the family of all internal sets in V. Note
that ΞV =

⋃
n∈ω card(∗Vn(N)). By a language we always mean a first-order

language.
In order to be coherent we would like to give equivalent forms of count-

able saturation and κ-saturation in next exercise, in terms of internally
presented structures. First we define internally presented structures.

Definition 1.1 Given a nonstandard universe V and given a language L.
An L-structure A is called internally presented in V iff the base set and
every L-relation or L-function in A are internal in V.

Note that an internally presented structure itself may not be internal
when L contains infinitely many symbols.

1.1. EXERCISES

Exercise 1.2 Show that
(1) a nonstandard universe V is countably saturated iff for any countable

language L, for every internally presented L-structure A, and for any set of
first-order L-formulas Γ(x) with one free variable x consistent with Th(A),
the set Γ(x) is realizable (or satisfiable) in A.

(2) for any infinite regular cardinal κ a nonstandard universe V is κ-
saturated iff for any language L with card(L) < κ, for every internally
presented L-structure A, and for any set of first-order L-formulas Γ(x)
with one free variable x consistent with Th(A), the set Γ(x) is realizable in
A.

2. The Isomorphism Property

Definition 2.1 A nonstandard universe V is said to satisfy the isomor-
phism property iff any two elementarily equivalent, internally presented L-
structures for some countable language L, are isomorphic.

Remark Given two structures of some language, people might check the
elementary equivalence between them by playing an Ehrenfeucht-Fraissé
game or constructing a set of partial isomorphisms with back-forth property
[1]. So if one want to show that two internally presented structures of some
countable language in a nonstandard universe satisfying the isomorphism
property are isomorphic, he might need only to show that he could win the
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related Ehrenfeucht-Fraissé game or construct a set of partial isomorphisms
with back-forth property.

From now on we will write IP for the isomorphism property.

Proposition 2.2 (C. W. Henson [7]) If V satisfies IP , then every infinite
internal set has cardinality ΞV .

Proof: It suffices to prove that any two infinite internal sets have same
cardinality. Let A and B be two internal sets. Then A and B are two
elementarily equivalent structures of the empty language. By IP there is a
bijection between them. 2

Proposition 2.3 (C. W. Henson [7]) If V satisfies IP , then V is countably
saturated.

Proposition 2.3 is a trivial corollary of Lemma 2.6. See the remark right
after Lemma 2.6.

Proposition 2.4 (C. W. Henson [7] and S. Shelah [30]) Suppose κ is an
infinite cardinal such that κiω = κ.3 Then there is an ultrafilter F on κ
such that the ultrapower of the standard superstructure modulo F satisfies
IP .

The first two applications need an equivalent form of IP in terms of the
realizability of a “second-order type” due to S. Shelah and the author [16].

Let L be a countable language and X be a new n-ary relation symbol
not in L. Suppose Γ(X) is a set of first-order L∪{X}-sentences and A is an
L-structure with base set A. We say that Γ(X) is realizable in A iff there
exists R ⊆ An such that

(A, R) |= ϕ(R)

for every ϕ(X) ∈ Γ(X).

Definition 2.5 A nonstandard universe V is said to satisfy the resplen-
dency property iff for any countable language L, for any n-ary new relation
symbol X not in L, for any internally presented L-structure A, and for any
set of first-order L ∪ {X}-sentences Γ(X), if Γ(X) ∪ Th(A) is consistent,
then Γ(X) is realizable in A.

Lemma 2.6 (R. Jin and S. Shelah [16]) A nonstandard universe V satisfies
IP iff V satisfies the resplendency property.

Remark Comparing with Exercise 1.2, it is easy to see that the resplen-
dency property is a natural generalization of countable saturation. To get

3Note that i0 = ℵ0, in+1 = 2in and iω =
⋃
n<ω

in. Note also that the cardinality

of the standard superstructure is iω.
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countable saturation simply view the new relation symbol X in the defini-
tion as an individual variable. This justifies why we call IP a saturation-like
property.

2.1. UNLIMITED LOEB MEASURE SPACES

Given an internal ∗finite additive measure space (Ω,A, µ) such that A con-
tains every singleton set, µ(Ω) > n for every n ∈ N, and µ({x}) < 1

n for
every x ∈ Ω and n ∈ N. Following the Loeb construction we can extend the
standard finitely additive measure ◦µ on A to a countably additive measure
Lµ on the σ-algebra generated by A. But this measure is not complete. In
order to make the measure complete, we have to throw in the subsets of all
Lµ-measure zero sets. We need to define a σ-algebra of all “measurable”
sets for this. For each S ⊆ Ω let the outer measure of S be

◦µ(S) = inf{◦µ(A) : A ∈ A ∧ S ⊆ A}

and the inner measure of S be

◦µ(S) = sup{◦µ(A) : A ∈ A ∧A ⊆ S}.

If Lµ(Ω) were finite, then it would be immediate that a set S is measurable
iff its outer measure and inner measure coincide. But now we have Lµ(Ω) =
∞ (this is what the word “unlimited” means). By a conventional method
we define the σ-algebra B of all “measurable” sets as following:

B = {S ⊆ Ω : (∀A ∈ A) (◦µ(A) <∞→ ◦µ(S ∩A) = ◦µ(S ∩A))}.

Note that B is a σ-algebra, A ⊆ B, and every subset of an Lµ-measure zero
set is in B.

When trying to extend Lµ to a complete measure on B one encounters a
problem. For an S ∈ B should one let Lµ(S) = ◦µ(S) or let Lµ(S) = ◦µ(S)?
There would have no problem if every S ∈ B had same outer measure
and inner measure. But this may not be the case. So one has at least two
different ways to extend Lµ to a complete countably additive measure on
B if there are some sets in B having different outer measure and inner
measure.

Theorem 2.7 (R. Jin and S. Shelah [16]) Suppose V satisfies IP . Then
every unlimited, non-atomic Loeb measure space has a measurable subset
with infinite outer measure and zero inner measure.

Proof: Given an unlimited, non-atomic Loeb measure space (Ω,B, Lµ)
generated by an internal space (Ω,A, µ) as above. We need to find a set
S ⊆ Ω such that for any A ∈ A, if µ(A) is finite, then ◦µ(A ∩ S) = 0, and
if S ⊆ A, then Lµ(A) =∞.
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We will use the resplendency property in the proof. The main idea is
the following: First we write a set of sentences Γ(X) to express that X is
the desired set, i.e. a measurable set with infinite outer measure and zero
inner measure. Then we prove that Γ(X) is consistent with our internally
presented structure. By the resplendency property one could find a set
realizing Γ(X) in our structure. Therefore, the desired set exists.

We first form an internally presented structure A of a finite language
LA. Let

A = (Ω ∪ A ∪ ∗R; Ω,A, ∗R,∈, µ,∩,r,+, ·, <, 0, 1),

where Ω,A and ∗R are unary relations, ∈ is a membership relation between
Ω and A, µ is the measure function from A to ∗R, ∩ and r are Boolean
operators on A, and (∗R; +, ·, <, 0, 1) is the hyperreal field in V. Notice
that we abuse the notation here. Rigorously, we should use ∗ ∈, ∗∩, ∗+,
etc. We often omit ∗ when the meaning is obvious. Let X be a new unary
relation symbol not in LA. We now express X as a desired set by a set of
L ∪ {X}-sentences Γ(X). Let

Γ(X) = {φ(X)} ∪ {ψn(X) : n ∈ N} ∪ {χn(X) : n ∈ N},

where

φ(X) =: ∀x(X(x)→ Ω(x)),

ψn(X) =: ∀U(A(U) ∧ µ(U) < n→
∃V (A(V ) ∧ ∀x(X(x) ∧ x ∈ U → x ∈ V ) ∧ µ(V ) < 1

n)),

χn(X) =: ∀U(A(U) ∧ ∀x(X(x)→ x ∈ U)→ µ(U) > n).

Note that in A, the elements n and 1
n are definable. The sentence φ(X)

says that X is a subset of Ω, the sentence ψn(X) says that if U ∈ A has
measure < n, then the outer measure of U ∩ X is < 1

n , and χn(X) says
that if U ∈ A and X ⊆ U , then U has measure > n. So if the set Γ(X) is
realized by some set S in A, then S is clearly the desired set.

By the resplendency property we need only to prove that Γ(X) is con-
sistent with Th(A).

Claim Γ(X) ∪ Th(A) is consistent.
Proof of Claim: By Downward Löwenheim-Skolem theorem we can

find a countable LA-structure A0 such that A0 |= Th(A). Let Ω0 ∪ A0 ∪ R0

be the base set of A0. It suffices to prove that Γ(X) is realizable in A0.
So we want to find a set S0 ⊆ Ω0 such that S0 realizes Γ(X) in A0. Let
{An : n ∈ N} be an enumeration of the set

{A ∈ A0 : ∃n ∈ N(µ(A) < n)}.
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We choose xn inductively such that

xn ∈ Ω0 r ((
n−1⋃
k=0

Ak) ∪ {xk : k < n}).

The set Ω0 r ((
⋃n−1
k=0 Ak) ∪ {xk : k < n}) is non-empty because it has

unlimited measure. Let S0 = {xn : n ∈ N}. It is easy to check that (A0, S0)
realizes Γ(X). 2

Remark: The result in the theorem was first proved by Henson [9] in a
nonstandard universe called a polyenlargement. Then Ross in [26] proved
the result by assuming the special model axiom. It is still open if one could
settle the result by countable saturation or κ-saturation for any infinite
regular cardinal κ.

2.2. THE EXISTENCE OF BAD CUTS

Let H be a hyperfinite integer and let H = {0, 1, . . . ,H − 1}. H is called a
hyperfinite time line in [20]. Let Lµ be the Loeb probability measure on H
generated by the internal normalized uniform counting measure µ. Through
a standard part map x 7→ ◦( xH ) the hyperfinite time line H together with Lµ
could be closely associated with the standard unit interval [0, 1] together
with Lebesgue measure on it. What about the order topology? Could one
define a topology on H which resembles the usual order topology on [0, 1]?
Note that the natural order topology onH is discrete, hence not interesting.
H. J. Keisler and S. C. Leth in [20] gave the definition of a U -topology on
H for each cut U ⊆ H.

An infinite initial segment U of ∗N is called a cut (or additive cut in
some literature) if a + b ∈ U for any a, b ∈ U . Given a cut U ⊆ H, a set
O ⊆ H is U -open iff for any a ∈ O there exists a d ∈ H r U such that
[a− d, a+ d] ⊆ O, where [a− d, a+ d] = {x ∈ H : a− d 6 x 6 a+ d}. All
U -open sets form a U -topology. Given a point x ∈ H, by the U -monad of x
we mean the set {y ∈ H : |y − x| ∈ U}. Note that no U -topology could be
Hausdorff because it could not separate two points within a U -monad. But
if we view each U -monad as a “point” and consider the natural order of
those monads, then the resulting “order” topology is just the U -topology.

With a U -topology we can define U -nowhere dense sets and U -meager
sets (recall that a meager set is a countable union of nowhere dense sets).

Definition 2.8 (H. J. Keisler and S. C. Leth [20]) A cut U is called a good
cut if there exists, in H, a U -meager set of Loeb measure one.

Recall that the standard unit interval has a meager set of Lebesgue
measure one. So a good cut U will make H together with Loeb measure



9

and the U -topology much like [0, 1] together with Lebesgue measure and
the order topology.

Keisler and Leth proved in [20] that almost all cuts are good. They were
also able to construct a bad cut in some nonstandard universe under an
assumption beyond ZFC in set theory, e.g. 2ℵ0 < 2ℵ1 . In next theorem we
construct a bad cut in every nonstandard universe satisfying IP in ZFC.

Theorem 2.9 ([14]) If V satisfies IP , then every hyperfinite time line has
bad cuts.

In the proof we need an equivalent form of bad-ness from [20]. Given
a cut U in ∗N, an internal increasing function f : {0, 1, . . . , Lf} 7→ ∗N for
some Lf ∈ ∗N is called a U -crossing sequence iff the set U ∩{f(n) : n 6 Lf}
is upper unbounded in U .

Lemma 2.10 (H. J. Keisler and S. C. Leth [20], Proposition 4.5) For any
cut U ⊆ H the following are equivalent.

(1) There is a U -meager set of Loeb measure one.
(2) There is a U -crossing sequence f such that∑

n<Lf

f(n)

f(n+ 1)
< 1.

Proof of Theorem 2.9: By Lemma 2.10 it suffices to construct a cut
U ⊆ H such that for every U -crossing sequence f the sum∑

n<Lf

f(n)

f(n+ 1)

is not finite. The main idea of the proof is similar to the idea in the proof
of Theorem 2.7. Let F be the set of all internal increasing functions f from
{0, 1, . . . , Lf} for some Lf ∈ H, to H. Then F is internal. We form an
internally presented structure A. Let

A = (H ∪ F ∪ ∗R;H,F , ∗R, R, S,+, ·, <, 0, 1),

where H,F and ∗R are unary relations, R is a ternary relation such that
〈a, b, f〉 ∈ R iff f ∈ F , a ∈ dom(f) and f(a) = b, S is a function from F to
∗R such that for any f ∈ F

S(f) =
∑
n<Lf

f(n)

f(n+ 1)
,

and (∗R; +, ·, <, 0, 1) is the hyperreal field in V. Let L be the language of
A. Note that the following first-order L-sentences are true in A.

θn =: ∃x(H(x) ∧ x > n ∧ ∀y(H(y)→ y 6 x))
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for each n ∈ N, and

η =: ∀f∀x∀y(F(f) ∧H(x) ∧H(y) ∧ x < y →
∃g(F(g) ∧ range(g) = range(f) ∩ [x, y])),

where the formula range(g) = range(f) ∩ [x, y] is an abbreviation of the
first-order L-formula

∀z(∃uR(u, z, g)↔ x 6 z ∧ z 6 y ∧ ∃uR(u, z, f)).

Let X 6∈ L be a unary predicate symbol. We define Γ(X) to be the set of
L ∪ {X}-sentences which contains exactly the following:

ϕ1(X) =: ∀x(X(x)→ H(x))

ϕ2(X) =: ∀x∀y(x 6 y ∧H(x) ∧X(y)→ X(x))

ϕ3(X) =: ∀x∀y(X(x) ∧X(y)→ X(x+ y))

ψn =: ∀f(F(f) ∧ ∀x(X(x)→
∃y∃z(R(y, z, f) ∧X(z) ∧ x 6 z))→ S(f) > n)

for each n ∈ N.
Note that the sentences ϕ1(X), ϕ2(X) and ϕ3(X) say that X is a cut

in H. The sentences ψn(X) for n ∈ N say that if f is a crossing sequence
of X, then the internal sum S(f) is not finite. So Γ(X) describes that X
is a bad cut by Lemma 2.10. So if Γ(X) is realizable in A, then H must
contain a bad cut. By Lemma 2.6 it suffices to show that Γ(X) ∪ Th(A) is
consistent.

Let A′ be a countable elementary submodel of A. Then Th(A′) = Th(A).
If we show that Γ(X) is realizable in A′, then it is clear that Th(A)∪Γ(X)
is consistent.

Claim Γ(X) is realizable in A′.
Proof of Claim: Let A′ = H′ ∪ F ′ ∪ R′ be the base set of A′ and let

F ′ = {fi : i ∈ N}. We now inductively construct an increasing sequence
〈ai : i ∈ N〉 and a decreasing sequence 〈bi : i ∈ N〉 in H′ such that for each
i ∈ N

(a) ai < bi,
(b) 2ai < ai+1,
(c) bi/ai is not finite in R′,
(d) if f ∈ F ′ such that

range(f) = range(fi) ∩ {x ∈ H′ : ai 6 x 6 bi},
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if S(f) is finite in R′ and if Lf is not finite, then there is a k ∈ {0, 1, . . . , Lf−
1}∩H′ such that f(k) 6 ai+1 and f(k+1) > bi+1 (i.e., f has a jump across
the interval (ai+1, bi+1)).

We show first that the claim follows from the construction. Let

U = {x ∈ H′ : (∃i ∈ N) (x 6 ai)}.

Then ϕ1(U) and ϕ2(U) are trivially true in (A′, U). The sentence ϕ3(U) is
true in (A′, U) by condition (b). Given any fi ∈ F ′ such that fi is a crossing
sequence of U . To show that ψn(U) is true in (A′, U) for any n ∈ N we need
only to show that S(fi) is not finite. Suppose S(fi) is finite. By the fact
that η is true in A′ there exists a g ∈ F ′ such that

range(g) = range(fi) ∩ {x ∈ H′ : ai 6 x 6 bi}.

Then S(g) is also finite because S(g) 6 S(fi). Since fi is a crossing sequence
of U , ai ∈ U and bi 6∈ U , then g is also a crossing sequence of U . Hence
Lg is not finite (since no finite sequence could be a crossing sequence of
any cut). By condition (d) we know that g has a jump from ai+1 to bi+1,
i.e. g(k) 6 ai+1 and g(k + 1) > bi+1 for some k ∈ dom(g). So g can’t be a
crossing sequence of U , a contradiction.

We now do the inductive construction. Choose any a1 and b1 in H′ such
that b1/a1 is not finite (for example, a1 = 1 and b1 = H). Suppose we have
found 〈ai : i < k〉 and 〈bi : i < k〉 for some k > 1 such that they satisfy the
conditions (a)—(d). We need to find ak and bk. Let g ∈ F ′ be such that

range(g) = range(fk−1) ∩ {x ∈ H′ : ak−1 6 x 6 bk−1}.

Case 1: S(g) is not finite or Lg is finite. Simply let a′k = ak−1 and
b′k = bk−1.

Case 2: S(g) is finite and Lg is not finite. Let m ∈ N be such that
S(g) < m. Since g is an element in A′ and A′ � A, then there is a t in A′

such that

t = min{ g(n)

g(n+ 1)
: n ∈ H′ ∧ n < Lg}.

Let n0 ∈ H′ and n0 < Lg be such that t = g(n0)/g(n0 + 1). Then

tLg 6
∑
n<Lg

g(n)

g(n+ 1)
= S(g) < m.

So we have g(n0 +1)/g(n0) > Lg/m. Now let a′k = g(n0) and b′k = g(n0 +1).
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Clearly, we have that b′k/a
′
k is not finite. Let ak = 2a′k and bk = b′k − 1.

Then it is easy to see that bk/ak is still not finite. Now it is obvious that
the sequences

〈ai : i < k + 1〉 and 〈bi : i < k + 1〉

satisfy conditions (a)—(d). 2

2.3. DEFINABILITY IN CONSTRAINT QUERY LANGUAGES

Although the following application is from database theory, we will present
it in a purely model theoretic way. No knowledge on database theory is
assumed. The application is due to M. Benedikt et al. [4].

Let L be the language of ordered fields and let L′ = {X1, . . . , Xn},
where Xi is an ni-ary relation symbol not in L. Let R be the standard real
field.

By an L′-finite expansion of R we mean an expansion of R to an L∪L′-
structure Re = (R, R1, . . . , Rn) such that the interpretation e(Xi) = Ri of
every symbol Xi in L′ is a finite relation in R.

For an L′-finite expansion Re let the carrier of Re be the set

Ce = {r ∈ R : ∃Xi ∈ L′ ∃(a1, . . . , ani) ∈ Rni
(r ∈ {a1, . . . , ani} ∧ (a1, . . . , ani) ∈ e(Xi))}.

Clearly, Ce is finite.
Two L∪L′-sentences φ and ψ are equivalent over R iff for any L′-finite

expansion Re,
Re |= φ iff Re |= ψ.

Given an L′-finite expansion Re and an order-preserving injection

Φ : Ce 7→ R,

let RΦ(e) be another L′-finite expansion such that CΦ(e) = Φ[Ce] and

Φ(e)(Xi) = {(Φ(a1), . . . ,Φ(ani)) : (a1, . . . , ani) ∈ e(Xi)}.

It is easy to see that Re �L′ ∪ {<} and RΦ(e) �L′ ∪ {<}, the reducts of Re
and RΦ(e) on L′ ∪ {<}, are isomorphic.

Definition 2.11 An L ∪ L′-sentence φ is order-invariant in R iff for any
L′-finite expansion Re and for any order-preserving injection Φ : Ce 7→ R

Re |= φ iff RΦ(e) |= φ.
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Theorem 2.12 (M. Benedikt et al. [4]) For any order-invariant L ∪ L′-
sentence φ there exists an L′ ∪ {<}-sentence ψ such that φ and ψ are
equivalent over R.4

The proof of this theorem is long. The main idea of the proof is like the
following: By assuming the contrary we first find two L′-∗finite expansions
∗Re and ∗Re′ so that they agree on all L′ ∪ {<}-sentences but disagree on
φ, i.e

∗Re |= ϕ iff ∗Re′ |= ϕ

for every L′ ∪ {<}-sentence ϕ and

∗Re |= φ iff ∗Re′ |= ¬φ.

Then we show, by the order-invariance of φ, that ∗Re and ∗Re′ could be
chosen so that Ce and Ce′ are subsets of an L-indiscernible sequence in ∗R.
Finally, one could derive a contradiction by showing that ∗Re and ∗Re′
agree on φ.

Proof of Theorem 2.12 Suppose the theorem is not true and let φ be
a witness. Let {ϕn : n ∈ N} be an enumeration of all L′ ∪ {<}-sentences.

Claim 1 For any m ∈ N there are two L′-finite expansions Re and
Re′ such that they agree on every ϕn for n < m and disagree on φ.

Proof of Claim 1: Otherwise φ will be equivalent to some Boolean
combination of those ϕn’s for n < m. 2(Claim 1)

Let V be a nonstandard universe satisfying IP .
By Claim 1 and Transfer Principle we can find two L′-∗finite expansions

∗Re and ∗Re′ such that they agree on every ϕn for n < m and disagree
on φ. By countable saturation one can let m be ∞. So we have now two
L′-∗finite expansions ∗Re and ∗Re′ such that they agree on {ϕn : n ∈ N}
and disagree on φ. Let |Ce| = He and let |Ce′ | = He′ .

Again by Transfer Principle and countable saturation one can find an
L-indiscernible increasing internal sequence 〈ri : i ∈ ∗N〉 in ∗R.

Claim 2 We can assume that Ce and Ce′ are the sets {ri : i < He}
and {ri : i < He′}, respectively.

Proof of Claim 2: For ∗Re there is an internal order-preserving bi-
jection Φ from Ce to {ri : i < He}. By Transfer Principle and the order-
invariance of φ one has that ∗Re and ∗RΦ(e) agree on φ. ∗Re and ∗RΦ(e)

agree also on {ϕn : n ∈ N} because the reducts of ∗Re and ∗RΦ(e) on
L′ ∪ {<} are isomorphic. Same for ∗Re′ . 2(Claim 2)

4The original theorem in [4] is more general with R replaced by any infinite o-minimal
structure.
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Claim 3 There is an order-preserving bijection I from Ce to Ce′ such
that

(a1, . . . , ani) ∈ e(Xi) iff (I(a1), . . . , I(ani)) ∈ e′(Xi)

for i = 1, . . . , n.
Proof of Claim 3: Note that “x ∈ Ce” could be written as an L′-

formula. Because the submodel of ∗Re �L′ ∪ {<} generated by Ce and the
submodel of ∗Re′ �L′ ∪ {<} generated by Ce′ are elementarily equivalent,
by IP , there is an isomorphism I between them. (Here is the place we use
IP .) 2(Claim 3)

Let LC be the language L∪{ci : i < He}, where ci is a constant symbol
not in L. Note that ∗RC = (∗R, ri)i<He and ∗RC′ = (∗R, I(ri))i<He are
two LC-structures by interpreting ci as ri or as I(ri), respectively.

Claim 4 ∗RC and ∗RC′ are elementarily equivalent.
Proof of Claim 4: It is a straightforward consequence of indiscernibility

of ri’s. 2(Claim 4)

Let LmC be the language LC ∪ {d1 . . . , dm} and let Lm be the language
L ∪ {d1 . . . , dm}, where di’s are new constant symbols.

We need a property, called o-minimality, of real fields in next claim. Let
F be either a standard real field or a hyperreal field. for any L-formula
χ(x, ȳ) and any r̄ in F the set defined by χ(x, r̄) in F is a finite union
of intervals. Let those intervals be maximal and let E r̄χ be the set of all
endpoints of those intervals. Clearly, E r̄χ is finite and every point in E r̄χ is
definable by some L-formula with parameters from r̄.

Claim 5 Suppose ū = (u1, . . . , um) and v̄ = (v1, . . . , vm) are in ∗Rm

such that (∗RC , ū) and (∗RC′ , v̄) are elementarily equivalent in LmC . Then
(1) for every um+1 ∈ ∗R there is a vm+1 ∈ ∗R such that (∗RC , ū, um+1)

and (∗RC′ , v̄, vm+1) are elementarily equivalent in Lm+1
C ,

(2) for every vm+1 ∈ ∗R there is a um+1 ∈ ∗R such that (∗RC , ū, um+1)
and (∗RC′ , v̄, vm+1) are elementarily equivalent in Lm+1

C .
Proof of Claim 5: By symmetry we need only to prove (1). Given um+1,

let Λ(x) be the set all LmC -formulas realized in (∗RC , ū) by um+1. If Λ(x)
were countable, then vm+1 could be chosen easily by countable saturation.
Unfortunately, Λ(x) is not countable. To overcome this difficulty we use
o-minimality. We want to choose a countable set Γ(x) ⊆ Λ(x) so that for
any σ(x) ∈ Λ(x) there is a τ(x) ∈ Γ(x) such that

(∗RC , ū) |= ∀x(τ(x)→ σ(x)).

Given any Lm-formula χ(x, ȳ), where ȳ = {y1, . . . , yn}. Let

lχ = max({a : ∃r̄ ∈ Cne (a ∈ E r̄χ ∧ a 6 um+1)} ∪ {−∞})
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and let

rχ = min({a : ∃r̄ ∈ Cne (a ∈ E r̄χ ∧ a > um+1)} ∪ {+∞}).

Note that (1) max and min above exist because the sets are hyperfinite, (2)
lχ 6 um+1 6 rχ, (3) if lχ < um+1 < rχ, then for any r̄ ∈ Cne the formula
χ(x, r̄) has a constant truth value in (lχ, rχ), (4) lχ and rχ are definable
from some r̄ ∈ Cne .

Case 1: um+1 = lχ or um+1 = rχ for some Lm-formula χ. Then um+1

is definable by some LmC -formula θ(x). Let Γ(x) = {θ(x)}.
Case 2: lχ < um+1 < rχ for any Lm-formula χ. Let θχ(x) be an LmC -

formula saying that lχ < x < rχ and let

Γ(x) = {θχ : χ is an Lm-formula.}.

Then Γ(x) is countable because there are only countably many Lm-formulas.
Obviously Γ(x) is finitely realizable in (∗RC′ , v̄). By countable saturation
Γ(x) is realized in (∗RC′ , v̄) by some vm+1 ∈ ∗R.

It is easy now to check that (∗RC , ū, um+1) and (∗RC′ , v̄, vm+1) are
elementarily equivalent in Lm+1

C . 2(Claim 5)

Note that in Claim 5 um+1 ∈ Ce iff vm+1 = I(um+1) ∈ Ce′ .
Claim 6 Suppose (∗RC , ū) and (∗RC′ , v̄) are elementarily equivalent.

Suppose ψ(x̄) is a quantifier-free L ∪ L′-formula. Then

∗Re |= ψ(ū) iff ∗Re′ |= ψ(v̄).

Proof of Claim 6: It suffices to assume that ψ is an atomic formula.
Case 1: ψ contains no symbol from L′. Then it is trivial by the ele-

mentary equivalence.
Case 2: ψ contains symbols from L′. Then ψ =: Xi(τ̄(x̄)) for an Xi ∈

L′ and an ni-tuple of L-terms τ̄ . Note that L′ contains no function symbols.
If ∗Re |= ψ(ū), then τ̄(ū) ∈ e(Xi). Hence τ̄(ū) ∈ Cnie . Since (∗RC , ū) and
(∗RC′ , v̄) are elementarily equivalent, then I(τ̄(ū)) = τ̄(v̄). Note that I is
an isomorphism from the submodel of ∗Re �L′∪{<} generated by Ce, to the
submodel of ∗Re′ �L′∪{<} generated by Ce′ . Then I(τ̄(ū)) = τ̄(v̄) ∈ e′(Xi).
Hence ∗Re′ |= ψ(v̄). 2(Claim 6)

Claim 7 ∗Re |= φ iff ∗Re′ |= φ.
Proof of Claim 7: Without loss of generality we assume that φ has the

form ∀x̄n∃x̄n−1 . . . ψ(x̄n, . . . , x̄1), where ψ is a quantifier-free L∪L′-formula.
Suppose ∗Re |= φ. By a back-and-forth argument using Claim 5 we are able
to find ūn, . . . , ū1 and v̄n, . . . , v̄1 such that (∗RC , ūn, . . . , ū1) is elementarily
equivalent to (∗RC′ , v̄n, . . . , v̄1), and

(∗Re, ūn, . . . , ū1) |= ψ(ūn, . . . , ū1).
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By Claim 6 we have

(∗Re′ , v̄n, . . . , v̄1) |= ψ(v̄n, . . . , v̄1).

This shows that for any v̄n there exists v̄n−1 such that for any v̄n−2 there
exists v̄n−3...... such that

(∗Re′ , v̄n, . . . , v̄1) |= ψ(v̄n, . . . , v̄1).

So it is clear that ∗Re′ |= φ. 2

2.4. EXERCISES

Exercise 2.13 Let F = (F ; +, ·, <, 0, 1) be an ordered field. An upper
bounded initial segment I of F is called a regular gap iff it has no least
upper bound and for any positive ε ∈ F there exists an r ∈ I such that
r + ε 6∈ I. F is called Scott complete iff F has no regular gap. Show the
following:

(1) Suppose F is a subfield of F ′. If an initial segment I in F has a
least upper bound in F ′ r F , then I is a regular gap in F .

(2) If V satisfies IP , then the hyperreal field in V is not Scott complete.
Hint: Write a set of formulas Γ(X) to express that X is a regular gap.

Exercise 2.14 Show that IP implies the existence of an external set S ⊆ ∗N
such that S ∩ {0, 1, . . . ,H} is internal for every H ∈ ∗N. This means that
the nonstandard universe satisfying IP can’t be classless.

Exercise 2.15 Show that IP implies the existence of a bijection f between
two ∗infinite sets A and B such that for any ∗finite sets a ⊆ A and b ⊆ B
the restrictions f �a and f−1 �b are internal.

∗Exercise 2.16 Let IP0 be IP restricted only on finite languages in Defi-
nition 2.1. Prove that IP is equivalent to IP0 plus countable saturation. See
[13] for help.

∗∗Exercise 2.17 Find a nonstandard universe V satisfying IP such that

cf(∗N) 6= coin(∗N r N),

where cf(∗N) is the smallest cardinality of some set S ⊆ ∗N cofinal in ∗N
and coin(∗NrN) is the smallest cardinality of some set S ⊆ ∗NrN coinitial
in ∗N r N. See [12] for help.

Exercise 2.18 (M. Benedikt et al. [4]) Let L be any language including <
and L′ be same as in §2.3. Let A be any infinite totally-ordered L-structure
(not necessarily o-minimal). By an L′-bounded quantifier sentence we mean
an L ∪ L′-sentence built up from atomic formulas in L ∪ L′ via the usual
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logical connectives and the quantifications ∀x̄ ∈ Xi and ∃x̄ ∈ Xj for some
Xi, Xj ∈ L′.

Show that for any L′-bounded quantifier sentence φ, if φ is order in-
variant in A, then there is an L′ ∪ {<}-sentence ψ such that φ and ψ are
equivalent over A.

3. The Special Model Axiom and Full Saturation

Given a language L, an L-structure A is called a special model if there is a
sequence 〈Aα : α < card(A)〉 of L-structures such that

(1) for any α < β < card(A), Aα is an elementary submodel of Aβ,
(2) A =

⋃
α<card(A) Aα, and

(3) for any α < card(A), Aα+1 is (card(α))+-saturated.
The sequence 〈Aα : α < card(A)〉 is called a specializing chain for A.

Definition 3.1 A nonstandard universe V is said to satisfy the special
model axiom iff any internally presented structure of some countable lan-
guage is a special model.

We will write SMA for the special model axiom.

Proposition 3.2 (D. Ross [26]) Suppose V satisfies SMA. Then every in-
finite internal set in V has cardinality ΞV .

Proof: It suffices to show that any two infinite internal sets have same
cardinality. Given two infinite internal sets C and D, we want to derive a
contradiction by assuming that card(C) = κ < card(D) = λ. We form an
internally presented structure

A = (C ∪D;C,D),

where C,D are unary relations. Then one has card(A) = λ. Suppose 〈Aα :
α < λ〉 is a specializing chain for A. Let Cα ∪ Dα be the base set of Aα.
Note that Cα ⊆ C for every α < λ. Since Aκ+1 is κ+-saturated, then
card(Cκ+1) > κ+. This contradicts the fact Cκ+1 ⊆ C. So card(D) 6
card(C). By symmetry we have card(C) = card(D). 2

Proposition 3.3 (D. Ross [26]) If V satisfies SMA, then V satisfies IP .

Proof: It is proved in [5] that any two elementarily equivalent special
models with same cardinality are isomorphic. 2

Proposition 3.4 For any strong limit5 cardinal κ with cf(κ) > ℵ0 there
is an ultralimit V of the standard superstructure such that V satisfies SMA
and ΞV = κ.

5A cardinal κ is called a strong limit iff for every λ < κ one has 2λ < κ.
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Consult [5] for the proof.

Definition 3.5 A nonstandard universe V is fully saturated iff every inter-
nally presented L-structure A for some countable language L is a saturated
model, i.e. A is card(A)-saturated.

Proposition 3.6 If V is fully saturated, then V satisfies SMA.

Proof: A saturated model is trivially a special model. 2

Proposition 3.7 For any cardinal κ such that κ > iω and κ<κ = κ there
exists a fully saturated nonstandard universe V such that ΞV = κ.

Consult [5] for the proof.

Next we give one application of SMA and one application of full satu-
ration.

3.1. COMPACTNESS OF LOEB PROBABILITY SPACES

Given any probability space (Ω,B, P ), a family C ⊆ B is called compact iff
for any D ⊆ C, D has f.i.p., i.e. every finite subfamily of D has non-empty
intersection, implies

⋂
D 6= Ø. A family C ⊆ B is called inner-regular iff for

any B ∈ B
P (B) = sup{P (C) : C ∈ C ∧ C ⊆ B}.

Definition 3.8 (D. Ross [27]) A probability space (Ω,B, P ) is called com-
pact iff there is a compact, inner-regular family C ⊆ B.

A Radon space is an example of a compact space. Ross showed in [27]
that a compact probability space could be topologized so that the resulting
topological measure space is Radon. In [27] a question whether a Loeb
probability space is compact, is posed. The following theorem is one of
many results in [17] concerning the compactness of Loeb probability spaces.

Theorem 3.9 (R. Jin and S. Shelah [17]) Assume CH (Continuum Hy-
pothesis). Suppose V satisfies SMA and cf(ΞV) = ℵ1. Then every non-
atomic Loeb probability space is compact.

We need more notation in the proof. For any set S we write 2S for the
set of all functions from S to {0, 1}. Let 2<N be the set

⋃
n∈N 2n, where n

could be viewed as a set {0, . . . , n− 1}. A set t ⊆ 2<N is called a tree iff for
any s, s′ ∈ 2<N, s′ ⊆ s and s ∈ t imply s′ ∈ t. By a branch of t we mean
a maximal totally ordered subset of t with order ⊆. We denote T for the
trees without maximal nodes and [T ] for all branches of T . Let’s consider
2N as a Cantor space with the usual probability measure ν, i.e.

ν({f ∈ 2N : f(n) = 0}) =
1

2
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for every n ∈ N. Note that every closed subset of 2N could be written as [T ]
for some tree T ⊆ 2<N. By CH we can fix an enumeration {fγ : γ < ℵ1} of
2N. For each β < ℵ1 and m ∈ N we choose a tree Tβ,m such that

[Tβ,m] ∩ {fγ : γ < β} = Ø and ν([Tβ,m]) >
m

m+ 1
.

This can be done because ν({fγ : γ < β}) = 0.
Given a probability space (Ω,B, P ) and a sequence of measurable sets

〈An : n ∈ N〉. The sequence 〈An : n ∈ N〉 is called independent iff for any
m ∈ N and for any h ∈ 2m

P (
m−1⋂
n=0

Ah(n)
n ) =

m−1∏
n=0

P (Ah(n)
n ),

where A0
n = An and A1

n = Ω rAn.

Proof of Theorem 3.9: Given a non-atomic Loeb probability space
(Ω,B, Lµ) generated by an internal probability space (Ω,A, µ). Choose an
independent sequence 〈An : n ∈ N〉 in A such that Lµ(An) = 1

2 for each
n ∈ N. For any tree T ⊆ 2<N let

AT =
⋂
n∈N

⋃
h∈2n∩T

n−1⋂
i=0

A
h(i)
i .

It is easy to check that Lµ(AT ) = ν([T ]). Note that AT is a countable
intersection of internal sets. We are now ready to construct an inner-regular,
compact family C. Note that one needs only to deal with the inner-regularity
for all sets in A.

Let A be the internally presented structure same as the one in the proof
of Theorem 2.7, i.e.

A = (Ω ∪ A ∪ ∗R; Ω,A, ∗R,∈, µ,∩,r,+, ·, <, 0, 1).

By SMA there is a specializing chain 〈Aα : α < ΞV〉 for A. Let {κβ :
β < ℵ1} be an increasing sequence of regular cardinals cofinal in ΞV . Let
Bβ =

⋃
α<κβ

Aα. Suppose the base set of Bβ is Ωβ∪Aβ∪Rβ. We can choose

an enumeration {aα : α < ΞV} of A such that for every β < ℵ1

{aα : α < κβ} ⊆ Aβ.

Without loss of generality we assume An ∈ A0 for every n ∈ N. For any
α < ΞV let

g(α) = min{β < ℵ1 : α < κβ}.
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For each aα ∈ A and each m ∈ N we choose bα,m ⊆ aα ∩ATg(α),m such that

bα,m ∈ Ag(α)+1 and Lµ(bα,m) = Lµ(aα ∩ATg(α),m). Note that bα,m exists by
countable saturation of Bg(α)+1. Now let

C = {bα,m : α < ΞV ∧m ∈ N} ∪ {An : n ∈ N}.

Claim C is compact and inner-regular.
Proof of Claim: Clearly, C is inner-regular. Given any D ⊆ C with f.i.p.,

we want to show that
⋂
D 6= Ø. Without loss of generality we assume that

D is maximal. For each n ∈ N one has either A0
n ∈ D or A1

n ∈ D. So there

is a function h′ ∈ 2N such that A
h′(n)
n ∈ D for every n ∈ N. Let

δ =
⋃
{g(α) : ∃m(bα,m ∈ D)}.

Case 1: δ < ℵ1. Then D ⊆ Aδ+1 and card(D) 6 κδ. Since Bδ+1 is
(κδ)

+-saturated, then
⋂
D 6= Ø.

Case 2: δ = ℵ1. For each bα,m ∈ D and for every n ∈ N we have

(
n−1⋂
i=0

A
h′(i)
i ) ∩ bα,m 6= Ø.

But that means

(
n−1⋂
i=0

A
h′(i)
i ) ∩ATg(α),m 6= Ø.

Note that

ATg(α),m =
⋂
n∈N

⋃
h∈2n∩Tg(α),m

n−1⋂
i=0

A
h(i)
i .

By a careful check one can see that h′ � n ∈ Tg(α),m for every n ∈ N. So
h′ ∈ [Tg(α),m]. But h′ = fγ for some γ < ℵ1 (recall that we have a fixed

enumeration of 2N). So when g(α) > γ one has h′ 6∈ [Tg(α),m] because

[Tg(α),m] ∩ {fγ′ : γ′ < g(α)} = Ø.

This contradicts that δ = ℵ1. 2

Remark In Theorem 3.9 the assumptions CH and cf(ΞV) = ℵ1 couldn’t
be eliminated. If one replaces cf(ΞV) = ℵ1 by cf(ΞV) = (2ℵ0)+ (with or
without CH), then the result will be just opposite. If one replaces CH by
¬CH (we can even weaken the condition cf(ΞV) = ℵ1 to cf(ΞV) = κ for
any uncountable regular κ 6 2ℵ0), then the compactness of Loeb probability
spaces is undecidable in ZFC.
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3.2. AUTOMORPHISMS OF LOEB MEASURE ALGEBRAS

Let (Ω,B, Lµ) be a Loeb probability space generated by the internal nor-
malized uniform counting measure (Ω,A, µ). We denote B̄ for the Loeb
algebra, i.e. the Boolean algebra B modulo the ideal of Lµ-measure zero
sets. For each element B ∈ B we denote B̄ ∈ B̄ for the equivalence class
containing B. Note that each B̄ ∈ B̄ contains an internal set in A.

Definition 3.10 An automorphism of B̄ is a bijection Φ from B̄ to B̄ such
that Φ is a Boolean algebra homomorphism and preserves the measure, i.e.
for any A,B ∈ B, Φ(Ā) = B̄ implies Lµ(A) = Lµ(B).

Definition 3.11 A bijection T : Ω 7→ Ω is called a point-automorphism
iff both T and T−1 are measurable and for any B ∈ B one has Lµ(B) =
Lµ(T [B]).

It is easy to see that a point-automorphism induces, in a natural way,
an automorphism of B̄.

Theorem 3.12 (D. Ross [25]) Suppose V is fully saturated. Suppose
(Ω,B, Lµ) is a Loeb probability space generated by an internal normalized
uniform counting measure space (Ω,A, µ). Then every automorphism Φ of
B̄ is induced by a point-automorphism T .

Proof: Let A = {Aα : α < ΞV}. We construct two sequences 〈Bα : α <
ΞV〉 and 〈Cα : α < ΞV〉 such that

(1) {Bα : α < ΞV} = {Cα : α < ΞV} = A,
(2) for any α < ΞV , Φ(B̄α) = C̄α,
(3) for any α0 < α1 < . . . < αn−1 < ΞV and for any h ∈ 2n one has

|
n−1⋂
i=0

Bh(i)
αi | = |

n−1⋂
i=0

Ch(i)
αi |,

where A0 = A, A1 = Ω rA and | · | means internal cardinality.

Claim The theorem follows from the construction.
Proof of Claim: For any x ∈ Ω there is an α such that {x} = Bα

by (1). It is easy to see by (3) that Cα is also a singleton {y} for some
y ∈ Ω. Let T (x) = y. Then it is easy to check again by (3) that T is a
well-defined bijection. Also it is not hard to check that T [Bα] = Cα. So
one has |A| = |T [A]| for every A ∈ A. This implies that T and T−1 are
measurable and preserve the measure. So T is a point-automorphism. By
(2) and (3) one can easily see that Φ is induced by T . 2(Claim)

We now construct Bα and Cα by induction. Let

A = (Ω ∪ A ∪ ∗R; Ω,A, ∗R,∈, µ,∩,r,+, ·, <, 0, 1)



22

be the internally presented structure same as in the proof of Theorem 2.7.
Suppose we have found {Bβ : β < α} and {Cβ : β < α} such that (2) and
(3) are true up to stage α.

Case 1: α is even. We pick Bα first. Let

γ = min{δ : Aδ 6∈ {Bβ : β < α}}

and let Bα = Aγ . This step guarantees (1). Let Φ(B̄α) = Ā for some
A ∈ A. We define a set of formulas Γα(x) with only one free variable x,
which expresses that x is a candidate for Cα. The set Γα(x) contains exactly
the following:

(a) A(x), i.e. x is an internal subset of Ω,
(b) µ(x∆A) < 1

m for every m ∈ N, i.e. the symmetric difference of x
and A will have Loeb measure zero,

(c)

µ((
n−1⋂
i=0

Bh(i)
αi ) ∩Bj

α) = µ((
n−1⋂
i=0

Ch(i)
αi ) ∩ xj)

for any α0 < α1 < . . . < αn−1 < α, for any h ∈ 2n and for any j = 0, 1.
Note that for any internal sets A,B ⊆ Ω one has µ(A) = µ(B) iff |A| = |B|.

Since card(Γα(x)) = card(α) < ΞV and Γα(x) is clearly finitely realiz-
able, then, by full saturation, Γα(x) is realized by some C ∈ A. Let Cα = C.
Clearly, (2) and (3) are true up to stage α+ 1.

Case 2: α is odd. We pick Cα first and then Bα by symmetry.
Finally, (1) is true because of the way we choose Bα when α is even,

and Cα when α is odd. 2

3.3. EXERCISES

Exercise 3.13 (D. Ross [26]) Show that SMA implies that

cf(∗N) = coin(∗N r N) = cf(ΞV).

By comparing with Exercise 2.17 this exercise witnesses that IP does not
imply SMA.

Exercise 3.14 Let SMA0 be SMA restricted only on finite languages in
Definition 3.1. Show that SMA is equivalent to SMA0 plus countable satu-
ration.

Exercise 3.15 Assuming CH. Suppose V is an ultrapower of the standard
superstructure modulo an ultrafilter on a countable set. Show that every
Loeb probability space generated by an internal normalized uniform counting
measure on a hyperfinite set in V is compact.
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∗Exercise 3.16 Show that Theorem 3.12 is still true if V satisfies SMA
instead of full saturation (see [15] for hint).

Exercise 3.17 (D. Ross [25]) Let V be fully saturated. Let (Ω,B, Lµ) be a
Loeb probability space generated by an internal normalized uniform count-
ing measure on a hyperfinite set Ω. Let B̄ be the Loeb algebra. Show the
following:

(1) There exist automorphisms Φ of B̄, which are not induced by any
internal point-automorphisms,

(2) Let C̄ ⊆ B̄ be a subalgebra such that card(C̄) < ΞV . Then for any
automorphism Φ of C̄ there exists an internal point-automorphism T such
that Φ is induced by T .

∗Exercise 3.18 If V satisfies SMA but is not fully saturated, then for any
Loeb probability space (Ω,B,  Lµ) as in Exercise 3.17 there exists a subal-
gebra C̄ ⊆ B̄ with card(C̄) < ΞV and there exists an automorphism Φ of
C̄ such that Φ is not induced by any internal point-automorphism. (This
exercise and Exercise 3.16 are related, in fact, to a question posed in [26].
This exercise witnesses that SMA does not imply full saturation.) Hint:
Show first that ΞV is a singular strong limit cardinal. Then construct a
subalgebra of cardinality cf(ΞV) together with an automorphism by a diag-
onal method so that the automorphism avoids to be induced by any internal
point-automorphisms (see [15] for more help).

4. The λ-Bolzano-Weierstrass Property

Let F = (F ; +, ·, <, 0, 1) be an ordered field. Let λ be an uncountable
regular cardinal. By a bounded λ-sequence in F we mean a sequence 〈aα :
α < λ〉 in F such that {aα : α < λ} ⊆ [−r, r] for some positive r ∈ F .
A λ-sequence 〈aα : α < λ〉 in F is said to converge in F iff there is an
r ∈ F such that for any positive ε ∈ F there is an β < λ such that
{aα : β < α < λ} ⊆ [r − ε, r + ε].

Definition 4.1 Given a nonstandard universe V and let ∗R be the hyperreal
field in V. Let λ be an uncountable regular cardinal less than or equal to
card(∗R). ∗R satisfies the λ-Bolzano-Weierstrass property iff every bounded
λ-sequence in ∗R has a convergent λ-subsequence in ∗R. V satisfies the λ-
Bolzano-Weierstrass property iff ∗R does.

Clearly, the λ-Bolzano-Weierstrass property is a natural generalization
of the Bolzano-Weierstrass property for the standard real field.
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Proposition 4.2 (H. J. Keisler and J. H. Schmerl [21]) There exist count-
ably saturated nonstandard universes satisfying the λ-Bolzano-Weierstrass
property for λ = (2ℵ0)+.6

Definition 4.3 A nonstandard universe V is called λ-Archimedean iff
card(∗N) = λ and card({0, 1, . . . ,H}) < λ for every H ∈ ∗N.

Proposition 4.4 (J. Cowles and R. LaGrange [6]) If V satisfies the λ-
Bolzano-Weierstrass property, then V is λ-Archimedean.

Proof: Suppose V is not λ-Archimedean.
Case 1: card(∗ N) < λ. Since the set of all ∗ rational numbers has

cardinality card(∗N) < λ, then there are no λ-convergent sequences in ∗R.
But there are λ-sequences in ∗R.

Case 2: card(∗N) > λ. Because V is not λ-Archimedean, there exists
an H ∈ ∗N and an S ⊆ {0, 1, . . . ,H} such that card(S) = λ. Clearly, the
set S could be ordered as a λ-sequence. That sequence is bounded and has
no convergent λ-subsequence because it is discrete. 2

Remark Suppose U is a regular ultrafilter on any κ. Then the ultrapower
of the standard superstructure modulo U could never be λ-Archimedean for
any λ. So the existence of an λ-Archimedean ultrapower would imply the
existence of some non-regular ultrafilters, which may imply the consisten-
cy of some large cardinals. By assuming the consistency of a measurable
cardinal it is consistent that there exists a λ-Archimedean ultrapower for
some λ [18]. It is still open whether such kind of ultrapowers could satisfy
the λ-Bolzano-Weierstrass property.

Proposition 4.5 (J. Cowles and R. LaGrange [6]) If V satisfies the λ-
Bolzano-Weierstrass property, then the hyperreal field in V is Scott com-
plete. (See Exercise 2.13 for the definition of Scott completeness.)

Proof: Suppose ∗R is not Scott complete. Then there is an upper bound-
ed regular gap I in ∗R. It is easy to see that the cofinality of I is same as
the cofinality of ∗N. But V is λ-Archimedean. So there exists an increas-
ing λ-sequence cofinal in I. Clearly, the sequence is bounded and has no
convergent λ-subsequence. 2

Remarks: (1) Since IP implies the hyperreal field is not Scott complete,
the λ-Bolzano-Weierstrass property is inconsistent with IP . (2) The reader
who is interested in doing research on this subject should consult the papers
[6], [18], [19], [21], [28], [29], [31], [32] and [33].

6The exact result in [21] is that: Suppose κ and λ are uncountable cardinals, κ is
regular, κ < λ, and ηδ < λ whenever δ < κ and η < λ. Then there exists a κ-saturated
nonstandard universe satisfying the λ-Bolzano-Weierstrass property.
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4.1. EXERCISES

Exercise 4.6 (1) Let F be an ordered field. Show that the unit interval
[0, 1] in F is compact iff F is isomorphic to the standard real field.

(2) Suppose ℵ1 = card(∗N) in V (V may not be countably saturated).
Show that V satisfies the ℵ1-Bolzano-Weierstrass property iff the unit in-
terval of the hyperreal field is Lindelöf.
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